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1. INTRODUCTION 
Let K be a closed Jordan domain bounded by the closed Jordan curve r. 
By the Riemann mapping theorem there exists a unique meromorphic 
function 
which maps 1 [ / > 1 conformally onto the complement of K (p is the trans- 
finite diameter of K). It is well known that #([) admits a continuous one-to-one 
extension to 1 5 1 > 1. The Faber polynomials F,(z) = z* + ... associated 
with the set K are defined (for z E K) by the expansion 
The boundary I’ is said to be of bounded rotation [9] if it is rectifiable and if 
there exists a real 2z--periodic function u(O) having the following properties: 
(i) u(B) is of bounded variation (this implies that the right- and left- 
hand limits z@+) and u(B--) exist for every 0). 
(ii) F has a right and left tangent at every point, and at the point 
.z = $(ei6) the angle between the positive real axis and the right (resp. left) 
tangent to r is equal to $I---) (resp. u(O+)). V = J’r 1 du(O))l is the total 
rotation of IY 
The class of closed Jordan domains whose boundary is of bounded rotation 
will be denoted by BR. In particular, every bounded closed convex set 
belongs to BR (except for one-point sets and line-segments). 
362 
0 1972 by Academic Press, Inc. 
CLOSED JORDAN DOMAINS 363 
We will denote the class of functions continuous on K and regular in the 
interior of K by n(K). Every function f~- n(K) can be associated with a 
formal expansion: 
the so-called Faber expansion off(z). The numbers 
1 
s 
27r 
CIT~ = - 
27T 0 
f(#(e’“)) e-iins & (m = 0, 1, 2,...j 
are the Faber coeficients off(z); it is important to observe that, at the same 
time, they also are the complex Fourier coefficients (for nz > 0) of the 
function f(#(eit)). Every summability method which, when applied to 
Fourier series, gives a well approximating trigonometric polynomial, can, 
in principle, be also applied to the Faber expansion (1.1) to give a polynomial 
approximation of the functionf(z) on the set K. We will use the de la Vallee 
Poussin sums of the Faber expansion, but any other similar summability 
method would be just as effective. The de la VallCe Poussin sums are poly- 
nomials of degree (2n - 1) defined by the formula 
2n - k where hp) = 1 for 0 <k <n, A!;) = ______ 
n 
for n <k<h - 1, 
The estimates we shall obtain for f(z) - Tznml(z) will enable us to estimate 
the order of polynomial approximation, i.e., to find good upper bounds for 
the quantity 
where LI, is the class of polynomials of degree n. 
In the present paper we shall estimate pn(f, K) for the class of sets BR 
and the class of functions n(K). Similar results have been obtained (for 
other classes of sets and by different methods), among others, by Al’per.[l] 
and Dzyadik [4, 61. While our results are, in a certain sense, more general, 
they do not imply (or are implied by) these earlier results. 
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2. STATEMENT OF RESULTS 
THEOREM 1. Let K be a closed Jordan domain whose boundary r is of 
bounded rotation. Let f(z) E A(K). Suppose that the function F(0) = f (eie)) 
satisfies Dini’s condition 
s n 4) otdt < co, 
where w(x) = w(F, x) is the modulus of continuity of F. 
Let 
q(x) = j-r q dt + o(x) (2.2) 
(it is easy to show that Zim,,,, o.+(x) = 0). 
Then, uniformly for-z E K: 
where A is an absolute constant and V is the total rotation of I’. T~IUS, for pn 
we have the estimate 
pm-df, 9 G 4; ~1 (;)a (2.4) 
Let us observe that if Q, = Q(f, JJ) is the modulus of continuity off(z) on 
.F (or on K), and !& = Q(#, x) is the modulus of continuity of #(eie), then 
trivially, 
44 G QfQ-ux>>. (2.5) 
COROLLARY 1. If w(x) is a “typical modulus of continuity”, i.e., such that, 
for some q > 1, and some E > 0: 
(2.6) 
for every x, then (see Lemma 5.1 below): 
q(x) < CoJ(x). cc = CC% 4)). (2.7) 
Hence, ifo(x) = w(F, x) is a ‘typical modulus’, (2.3) and (2.4) can be replaced 
by 
pla(f, k3 < ?y I f(z) - rm-I(Z)I G G ; 0 (;) d G ; 1;21 (Jz, (;)) (2.8) 
(C, = A&). This upper bound is substantially the best possible (CJ: [3]). 
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N.B. (2.8) remains true (suppressing the link Ic; V/n @(l/n)) if, instead 
of assuming that w = w(F, x) satisfies (2.6) for some q, we assume that 
both 52, and 52, satisfy (2.6) for every q. The justification is immediate. 
From Theorem 1, we can derive the following two results as special cases: 
THEOREM 2. Let K be a bounded closed convex set. Let f(z) E&R). 
Suppose that 52(x) = Q,(x) = Q(f, x) satisfies Dini’s condition (2.1). Let 
Then, if p is the tramfinite diameter of K, 
where A, is the absolute constant in (2.3). 
(2.9) 
COROLLARY 2 (see Lemmas 5.1 and 5.2). If, in addition, we assame that 
52, is a ‘typical modulus (cf~ Corollary l), then Q,(x) < CD(x), and herzce 
(2.11) is clearZy best possible, even for K == (z 1 1 z / < p> (c$ [2].). 
We shall say that the closed Jordan curve r is piecewise convex if it is 
made up of a finite number of convex arcs (i.e., ones which are convex from 
the “inside” of r). Every piecewise convex curve is of bounded rotation. 
THEOREM 3. Let K be a closed Jordan domain whose boundary r is piece- 
wise convex without any 0 external angles. Let f(z) E A(K). Suppose that 
52 = Qf(x) = B(f, x) satisfies D ini’s condition (2.1). ThenY if m (0 < E < 1) 
is the smallest external angle (the case: a: 2 1 is covered by Theorem 2), 
we have 
where the constant C, depends on K only, and Q1 is defined by (2.9). 
COROLLARY 3 (see Lemma 5.1). If, in addition, we assume that Bf is 
a ‘typical modulus’, then Q,(x) < C%‘(x), and hence: 
(2.13) 
(2.13) is best possible (c$ [5]). 
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Remark. If, in (2.12) CII is replaced by 01 - E, the conclusion holds for 
every TG BR which has no 0 external angles. (To verify this, compare 
Lemma 3.2 and [S, Lemma 61). 
3. PROOF OF THEOREM 1 
We may assume (without loss of generality) that p = 1. 
By the assumption that K E BR, we have the following representation 
[IO, Lemma l] for the Faber polynomials: 
where 
(3.1) 
v(s, ~9) = arg(#(e”“) - #(eie)) 
D(S, 6) is a function of bounded variation, and [ll, p. 11331 
where, as before, V is the total rotation of I’. 
Let Ciz--m ckeike be the complex Fourier series of 8’(e) =f($(eis)) and 
let C;f=-m Ekeike (.& = -ick for k > 0, = +ick for k < 0, 4 = 0) be 
its conjugate trigonometric series. 
Applying (3.1), we obtain the representation 
212-l 
Blr 2n-1 
= s (c A(c”)ckeikt d,v(t, y) 0 k=O > 
Let P(0) denote the conjugate function of F(0); it follows from the assumption 
(2.1) that p(0) exists and is continuous. We write 
F”(B) = *co + &(F@) + P(e)). 
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Then, 
1 
s 
27r 
=- 
237 0 1 ~sn-I@) - F(r)1 / d&r, 9)\ 
Here, 
2n--1 
~~~-~(t) = 1 Ap!c,eikt 
is.--2n+1 
and 
2n--1 
are the de la Vallte Poussin sums of F(S) and E(O), respectively. Pt is well 
known [3] that 
and 
where pn*(F) and p,*(F) are the degrees of best approximations of F, respec- 
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tively p, by means of trigonometric polynomials, and A is an absolute 
constant. Thus, in view of (3.2), we obtain from (3.3) the inequality 
(3.4) 
It follows from the assumption (2.1) that the Faber series Cc=, c&(z) 
converges uniformly tof(z) [5, Theorem 5; 8, p. 541. Hence, the same holds 
for the de la VallCe Poussin sums, and therefore, as a consequence of (3.4), 
we must have 
+ 1: F*(t) dp(t, 4) = f(#(e”“)) = F(rj). (3.5) 
Substituting (3.5) into (3.4), we obtain 
Substituting: z = $(ei3: 
1 T‘&JZ) - f(z)1 -=c f ; {Pn*(F) + P~“Q% (3.6) 
for all z E r. It follows now from the maximum principle that (3.6) holds 
in fact for all 2 E K. 
It is known [12, 5.9.21 that 
I Gn-l(Z) -f(z)1 < AC; /pm*(F) + ; f ; &*(F)(. (3.7) 
v=n+l 
By Jackson’s Theorem, 
1 
p,*(F) < Bw F, ; . ( 1 (3.8) 
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Substituting (3.8) into (3.7), and making use of the elementary inequality 
(cf. [12, 3.2.4]), we obtain that 
which proves (2.3). 
4. PROOFS OF THEOREMS 2 AND 3 
Proof of Theorem 2. By a well-known result [5, p. 1951: / #‘(c)l < 2p 
for j iJ / > 1 (p is the transfinite diameter of K). Consequently, Q,(X) d 2px, 
and hence 
Hence, observing that V = 2~ for convex curves, and applying (2.3),” 
we obtain that 
Thus (2.10) has been established. 
Before proceeding to the proof of Theorem 3, we formulate a few lemmas. 
It will be assumed throughout (without loss of generality) that p = 4. 
1 In the special case when K is a line-segment, (2.31, strictly speaking, is not applicabie, 
since the boundary of K is not a Jordan curve. However, ail the results remain vaiid la 
this case, 
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LEMMA 4.1. [9]. If r is of bounded rotation, the derivative of the mapping 
jknction $(lJ has the following integral representation: 
log #‘(O = & jr log (1 - f) dz@) 
(here u(8) has the same meaning as in the introduction). 
LEMMA 4.2. If I’ is piecewise convex, and its smaIIest exterior angle is 
OIT (0 < CII < l), then, 
(4.1) 
Prooj: Since ~(8) is of bounded variation, we can write 
u(8) = Uf(8) - u-(8), 
v= j:” I du(8)l = j:’ duf(S) + jr du-(a), 
where u+(8) and n-(6) are increasing functions. Suppose that the vertices 
of r are at the points 
zk = #(ei”“) (0 ,< 8, < 6, < ... < 8, < 27r), 
and that the exterior angle at zlC is rrak . Since .F is piecewise convex, u-(8) is 
a step-function; in fact, 
u-(8) = c (1 - CQ). 
Ok<8 
Hence, applying Lemma 4.1, 
log +‘(lJ = ; sf log (1 - F) dzr+(G) - i (1 - 0~~) log (1 
k=l 
where i& = ei*“. Hence, denoting the first integral by g(S): 
/J’(C) = es(c) (4.2) 
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For g(5) we have the estimate 
Let 
arg 5 
Then 
and hence 
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[l-r-j h >, sin& 
5 
Thus, from (4.2) we obtain the estimate 
oij-1 
/ $h’(S)I < 2v/r ( 1 4 - -q 
i 5i 
(sin a),$ (‘a-l) = . ( ‘l- -4 1 l--a, 
ICI 
Since 01 = min, q , we obtain (4.1) with B = max, Aj . 
LEMMA 4.3 (Hardy-Littlewood, [7, p. 3611). rf #(<) is regular f& 
/ 5 / > 1, continuous for 1 5 1 2 1, and 
I F(l)! G c 
( ‘1 --..A?& / il i 
(0 < 02 < I), 
then #(<) satisjies a Lipschitz condition with exponent OL on ! 5 \ = 1, :.e.: 
Q*(x) < BP. 
LEMMA 4.4. Every closed Jordan curve .l’ satisfying the conditions qf 
Theorem 3, has the following property: 
If z1 and z2 are points of K, then there exists a rectrjiable path y in KY 
joking z1 and zg , such that 
lengthofy<pIz,-zI, 
where p depends only on K. 
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We omit the proof of this lemma; the reader will have no difficulty in 
supplying it. 
LEMMA 4.5. For every closed Jordan domain K satisfying the conditions 
of Theorem 3, the inequality 
Q&m) < m&?&) (4.3) 
holds for every x > 0, and every positive integer m. The constant p depen& 
only on K. 
This lemma is an easy consequence of the previous one. 
COROLLARY. For every real r > 1, 
Q&x> < (r + 1) pQdx> (4.4) 
Proof of Theorem 3 (we assume that p = 1). Applying Lemmas 4.2 and 
4.3, we conclude that 
L&(x) < Bx”. 
Hence, applying (2.5) and (4.4), 
4x) = 0, xl d %(Bx”) < (B + 1) pJ&(x”), 
and 
(4.5) 
ml(x) e (B + 1)~ J’[ y dt + (B + 1) EC&(X”). 
Substituting s = t”, 
(4.6) 
(2.13) is now an immediate consequence of (2.3), (4.6) and (2.9). 
5. STATEMENT AND PROOF OF LEMMA 5.1 
LEMMA 5.1. rf w(x) is an increasing function for 0 < x < h, w(O) = 0, 
and iffor some q > 1 and some E > 0, 
4qx)Mx) b 4’ for every 0 < x < h/q, 
then 
for 
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< log q . w(x) f q-"" = * w(x). 
11=0 
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